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Abstract. The paper addresses inelastic spin-flip tunneling accompanied by surface spin excitations
(magnons) in ferromagnetic junctions. The inelastic tunneling current is proportional to the magnon den-
sity of states which is energy-independent for the surface waves and, for this reason, cannot account for the
bias-voltage dependence of the observed inelastic tunneling spectra. This paper shows that the bias-voltage
dependence of the tunneling spectra can arise from the tunneling matrix elements of the electron-magnon
interaction. These matrix elements are derived from the Coulomb exchange interaction using the itinerant-
electron model of magnon-assisted tunneling. The results for the inelastic tunneling spectra, based on the
nonequilibrium Green’s function calculations, are presented for both parallel and antiparallel magnetiza-
tions in the ferromagnetic leads.
PACS. XX.XX.XX No PACS code given
1 Introduction
Spin polarized transport in tunnel ferromagnetic junc-
tions has been a subject of intense research motivated
by the desire to develop a form of electronics which uti-
lizes the dependence of the junction resistance on the car-
rier spin-polarization [1]. Since ferromagnetic metals have
more band electrons of one spin polarization (known as
majority carriers) present at the Fermi energy EF than
of the inverse polarization (minority carriers), the resis-
tance depends on the relative orientation of the magnetic
moments in the ferromagnets which is controlled by an
external magnetic field. With parallel magnetizations, the
tunneling occurs between majority (and minority) bands
whereas in a junction with antiparallel magnetizations car-
riers tunnel from majority to minority bands (and vice
versa). The resulting spin current mismatch produces a
larger contact resistance in the antiparallel case, an effect
known as the tunneling magnetoresistance (TMR) [2,3,4,
5,6,7,8,9,10,11,12,13,14].
Among various studies of the TMR effect a large body
of work has aimed at developing theoretical approaches
to spin-dependent tunneling in the single-particle approx-
imation [15,16,17,18,19,20], including many-body spin-
dependent phenomena [21,22,23,24,25,26,27,28,29,30,31]
and effects of disorder [32,33,34,35,36].
This paper considers inelastic tunneling processes ac-
companied by a spin-wave excitation (magnon) in a biased
ferromagnetic junction. Such processes become relevant at
bias voltages, V , of order of hundred millivolts [4,5,21,6,
7], which corresponds to typical spin-wave energies and the
Curie temperatures, TC , of commonly used ferromagnets
such as Co or Ni80Fe20. The magnon-assisted tunneling
involves an electron spin-flip and, for this reason, reduces
the resistance for the antiparallel ferromagnet alignment,
which, in turn, results in a decrease in the TMR [21,24].
Experimentally, the inelastic contribution to the tunnel-
ing current, I(V ), can be identified by taking the second
derivative d2I/dV 2 (see, e.g. Refs. [7,8]). It is related at
low temperatures to the magnon density of states (MDOS)
Ω at energy |eV | (see, e.g. Refs. [24,23,26]):
d2I/dV 2 ∝ sign(V )Ω(|eV |), (1)
where e is the electron charge. The reason for taking the
second derivative of I(V ) is due to the fact that the in-
elastic current involves two integrations, over the energy of
the tunneling electron and over the magnon energy, both
limited by eV .
From Eq. (1) one can draw the following conclusions.
For bulk magnons with the usual quadratic dispersion
ωq ∝ q
2 (where q is the three-dimensional bulk magnon
wave vector), the MDOS is proportional to the square
root of the magnon energy, Ω ∝ ω1/2, and the magnon-
assisted contribution vanishes in the zero-bias limit as
d2I/dV 2 ∝ |V |1/2. In contrast, for surface magnons with
similar dispersion ωq‖ ∝ q
2
‖, propagating in the contact
plane with a two-dimensional wave vector q‖, the MDOS
is energy-independent, Ω = const, and so is the second
derivative d2I/dV 2 ∝ const. The latter conclusion can-
not, however, be true because for V = 0 there is no ex-
tra energy to be transferred to the collective excitations
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Fig. 1. Exchange-induced spin-flip tunneling with magnon
excitation in a junction between half-metallic ferromagnets
with antiparallel magnetizations: (a) tunneling spin-up elec-
tron from the left-hand ferromagnet excites via the Coulomb
exchange interaction a spin-down electron into a state above
the Fermi level in the other ferromagnet. This is accompa-
nied by a spin-1 (magnon) excitation of the Fermi sea in the
right-hand ferromagnet. (b) temperature-stimulated counter-
acting tunelling process (see also text). q‖ and ωq‖ ≤ |e|V are
the magnon wave-vector and energy, a and U are the barrier
thickness and height, respectively.
and, therefore, the inelastic contribution must vanish. This
apparent contradiction is believed to arise because Eq.
(1) does not include the matrix elements of the electron-
magnon interaction which should also depend on the bias
voltage. Although this might be the valid explanation, it
has not been supported yet by the direct calculation of
the inelastic tunneling spectra. The purpose of this pa-
per is provide such calculation based on the microscopic
treatment of the electron-magnon interaction in a tunnel
ferromagnetic junction.
Before going to the calculation details given in Secs. 3,
4 and Appendix A, in the next section we briefly discuss
the approach and main results of the paper.
2 Overview of the approach and results
The surface-magnon-assisted tunneling is shown schemat-
ically in Fig. 1 for a biased junction comprising two fully-
polarized (half-metallic) ferromagnets with antiparallel (AP)
magnetizations. In the process shown in Fig. 1a the magnon
emission occurs in the course of the Coulomb exchange in-
teraction between a tunneling spin-up electron from the
left-hand ferromagnet and a spin-down electron from the
right-hand ferromagnet. The latter is excited into a state
above the Fermi level, leaving behind a spin-1 excitation
of the Fermi sea which in the mean-field approach [37]
is treated as a spin wave. Its energy ωq‖ is limited by
the applied bias, i.e. 0 < ωq‖ ≤ |e|V . The correspond-
ing inelastic current can be calculated using the nonequi-
librium Green’s function formalism (e.g. Refs.[38,39] and
[26]), yielding the following result for the tunneling spec-
trum:
d2IAP
dV 2
= CAPΩ−1
∑
q‖
V2(q‖)
V2(0)
∫
dǫ× (2)
×
[
n′(ǫ)n′(ǫ + |e|V − ωq‖)− n
′(ǫ + |e|V + ωq‖)n
′(ǫ)
]
,
Here the junction parameters, such as barrier transparency,
electron band parameters of the ferromagnets etc., are
absorbed in the constant CAP [see Eq. (35) in Sec. 4].
Ω = A/4πD is the surface MDOS, with A andD being the
junction area and the spin stiffness, respectively. The ma-
trix element of the electron-magnon coupling is expressed
through the Fourier transform of the Coulomb interaction,
V(q‖) = 2πe
2/(κ2+q2‖)
1/2. Since the Coulomb interaction
occurs across the insulating barrier it is assumed weakly
screened and, therefore, the electron-magnon coupling in
Eq. (2) depends on the magnon-wave vector in the junc-
tion plane, q‖ (κ
−1 is the screening radius, see Sec. 3 for
details). In the first term of Eq. (2) the Fermi occupa-
tion numbers n(ǫ) and n(ǫ + |e|V − ωq‖) correspond to
the initial (i) and final (f) electron states of the process
shown in Fig. 1a (the prime denotes the derivative). The
second term originates from a counteracting exchange pro-
cess (Fig. 1b) where in the initial state a spin-down elec-
tron has energy ǫ + |e|V + ωq‖ above the Fermi level in
the right-hand system whereas in the final state a spin-up
electron has energy ǫ with respect to the Fermi level in the
left-hand system. For a positive bias voltage V > 0 this
process is only possible at finite temperature T when the
occupation number of the initial state n(ǫ+ |e|V +ωq‖) is
nonzero.
Figure 2 shows the bias voltage dependence of the
derivative d2I/dV 2 (2). It vanishes at V = 0, which is
the consequence of the wave-vector dependence of the
electron-magnon interaction. For decreasing kBTκ/Dκ
2
the slope of d2I/dV 2 at V = 0 increases, indicating that
the shape of the d2I/dV 2 curves is very sensitive to the
q‖ dependence of V(q‖) (cf. curves A and E in Fig. 2). In
the limit kBT/Dκ
2 → 0 the second derivative is discon-
tinuous at V = 0 (curve A), which is sometimes referred
to as the zero-bias anomaly [21]. However, at any finite
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Fig. 2. Second derivative of the tunneling current [in units of
constant CAP , see Eq. (2)] for different kBT/Dκ
2: (A) 0, (B)
0.1, (C) 0.3, (D) 1, and (E) 2, where Dκ2 is the characteris-
tic energy of a magnon with wave vector equal to the inverse
screening raduis κ.
temperature T the derivative d2I/dV 2 is regular and has
two antisymmetric peaks at finite bias voltages. As we see
below this prediction holds for ferromagnets with arbi-
trary spin-polarization and is consistent with several ex-
periments [7,9,10,11] which also reported nonmonotonic
inelastic tunneling spectra.
3 Tunneling Hamiltonian and current
operators for interacting electrons
In order to understand how the matrix elements of the
electron-magnon interaction enter the inelastic tunneling
spectra, the tunneling Hamiltonian and current operators
must be derived for interacting electrons in a ferromag-
netic junction. In this section we derive these operators us-
ing the method of effective boundary conditions. The idea
is to solve the equations of motion for the field operators
of the interacting electrons inside the barrier and ”elimi-
nate” this region by expressing the tunneling coupling in
the form of effective boundary conditions for the ”right”
and ”left” electrons. This can be seen as the continuum
version of the corresponding recursive Green’s function
calculations.
We consider a contact of a large area A between two
ferromagnetic metals separated by a tunnel barrier (see
Fig. 3). The barrier is characterized by thickness a and
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Fig. 3. Schematic view of a ferromagnetic tunnel junction with
barrier thickness a and contact area A.
the length of the electron penetration λ = h¯/(2mU)1/2
which depends on the electron effective mass m and the
barrier height U measured with respect to the Fermi level.
For U of the order of the Fermi energy, U ∼ EF ≫ eV
[7,8], one can neglect the energy and momentum depen-
dence of the electron penetration length. The thickness
of the barrier a is normally much greater than λ and the
density of band electrons inside the barrier, ∼ e−a/λn0 is
exponentially reduced compared to that in the leads n0,
leading to weaker screening of Coulomb electron-electron
interactions across the barrier.
In order to treat such interactions, we will use the
Coulomb potential V(R) = e2e−κR/R with the screen-
ing radius κ−1 ∼ 1/(e−a/λn0)
1/3 much greater than that
in the metals (∼ n
−1/3
0 ), where R = {x; r} with the x-
axis perpendicular to the interface and the position vec-
tor in the interface plane r. In the case of the experiments
described in Refs. [7,8], κ−1 can be estimated as being
greater than the thickness of the barrier a, which allows
one to neglect the x-dependence of the Coulomb poten-
tial: V(r) = e2e−κr/r. Out of all the interaction terms we
will only retain those due to the exchange of two elec-
trons in the states with opposite spins α and −α since
they are known to result in the exchange-induced spin ex-
citations [37]. The exchange Hamiltonian can be written
as
Hex = −
∑
α,k2 6=k1+q
Vk2−k1−q
2A
a
2∫
− a
2
dx1dx2 × (3)
×χ†αk2−q(x1)χ−αk2(x2)χ
†
−αk1+q
(x2)χαk1(x1),
where the operators χαk(x) and χ
†
αk(x) annihilate and
create, respectively, an electron with spin α and wave-
vector k parallel to the interface at point x inside the
barrier (the index ‖ is dropped from now on). The Fourier
transform of the Coulomb potential is given by
Vq = 2πe
2
∞∫
0
rdr
e−κr
r
J0(rq) =
2πe2
(κ2 + q2)1/2
, (4)
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where J0(x) is the Bessel function. The equation of motion
for χαk(x) can be written as
[∂2x − λ
−2]χαk(x) = −
2m
h¯2A
∑
k1q
Vk−k1 × (5)
×
a
2∫
− a
2
dx1χ−αk+q(x1)χ
†
−αk1+q
(x1)χαk1(x),
with usual boundary conditions imposed by the continuity
of the particle current at the barrier walls:
χαk(±a/2) = Ψ
r,l
αk, ∂xχαk(±a/2) = ∂xΨ
r,l
αk, (6)
where Ψr,lαk ≡ Ψαk(±a/2) are the operators of the right
and left systems acting at the barrier boundaries. The
eigenstates in the left and right systems can at this stage
be arbitrary.
To first order in the interaction the solution of Eq. (5)
is
χαk(x) = χ
(0)
αk(x) −
∑
k1q
Vk−k1
A
a
2∫
− a
2
dx1dx2 × (7)
×G(0)(x, x1)χ
(0)
−αk+q(x2)χ
(0)†
−αk1+q
(x2)χ
(0)
αk1
(x1),
where the operators of the non-interactive system
χ
(0)
αk(x) = φ
r(x)Ψrαk + φ
l(x)Ψ lαk, (8)
φr,l(x) =
sinh(a/2± x)/λ
sinh(a/λ)
, (9)
are linear combinations of the two fundamental solutions
(9) of unperturbed equation (5). G(0) is the Green function
of the unperturbed equation which can be constructed us-
ing φr,l(x) as follows:
G(0)(x1, x2) = −2mh¯
−2λ sinh(a/λ)× (10)
×
{
φl(x1)φ
r(x2) x1 ≥ x2,
φl(x2)φ
r(x1) x2 ≥ x1,
Note that our choice of the integration constants ensures
that solution (7) matches the operators of the right Ψrαk
and left Ψ lαk systems at the boundaries x = a/2 and x =
−a/2 (first boundary condition in Eq. (6)).
Solution (7) is expressed in terms of Ψrαk and Ψ
l
αk and
contains no more constants to be determined. Inserting it
into the boundary conditions for the derivatives (6) and
evaluating the integrals over the coordinates, we find
∂xΨ
r
αk =
Ψrαk − 2e
−a/λΨ lαk
λ
− e−a/λ
∑
k1q
τVk−k1
Ah¯
×
×
(
Ψ l−αk+qΨ
l†
−αk1+q
+ Ψr−αk+qΨ
r†
−αk1+q
)
Ψ lαk1 , (11)
∂xΨ
l
αk =
−Ψ lαk + 2e
−a/λΨrαk
λ
+ e−a/λ
∑
k1q
τVk−k1
Ah¯
×
×
(
Ψ l−αk+qΨ
l†
−αk1+q
+ Ψr−αk+qΨ
r†
−αk1+q
)
Ψrαk1 , (12)
τ = maλ/h¯ = a(m/2U)1/2. (13)
These equations now serve as effective boundary conditions
for the right and left systems. Because of the tunneling,
the right and left operators are mixed in Eqs. (11) and
(12). In the limit e−a/λ → 0, the coupling vanishes:
∂xΨ
r
αk =
Ψrαk
λ
, ∂xΨ
l
αk = −
Ψ lαk
λ
, (14)
and the boundary conditions (14) describe isolated right
and left systems with the particle current vanishing at
both x = a/2 and x = −a/2. Boundary conditions (14)
will be used in Appendix A to introduce the eigenstates
in the isolated right and left systems. When evaluating
the integrals over the coordinates we have only taken into
account terms linear in e−a/λ ≪ 1 in Eqs. (11) and (12).
Note that the exchange interaction results in the mix-
ing of the left and right operators with opposite spins in
the boundary conditions (11) and (12), which takes into
account inelastic spin-flip processes during the tunneling.
These terms are proportional to the tunneling time τ (13)
assumed to be sufficiently short to justify the use of per-
turbation theory.
We now use the effective boundary conditions (11) and
(12) to derive the microscopic tunneling current operator
and transfer Hamiltonian. Both the current operator and
the transfer Hamiltonian will be expressed in terms of the
field operators taken at the left, Ψ lαk and right, Ψ
r
αk bound-
aries of the barrier. As earlier, no particular eigenstates
in the left and right systems will be assumed during the
derivation procedure.
As the boundary conditions (11) and (12) conserve the
current density, the total current operator Iˆ can be related
to the current density operator at any of the boundaries,
e.g. at the left one: Iˆ = ieh¯2m
∑
αk(∂xΨ
l†
αkΨ
l
αk − h.c.) with
the derivative ∂xΨ
l†
αk given by boundary condition (12).
The current can be written as the sum of an elastic and
an inelastic contributions:
Iˆ = Iˆel + Iˆin, (15)
where
Iˆel =
ieT
h¯
∑
αk
(Ψr†αkΨ
l
αk − h.c.), T =
h¯2e−a/λ
mλ
, (16)
Iˆin =
ieT
h¯
∑
α,k2 6=k1+q
τVk2−k1−q
Ah¯
× (17)
×
λ
2
(
Ψr†αk2−qΨ
r
−αk2Ψ
r†
−αk1+q
Ψ lαk1+
+ Ψr†αk1−qΨ
l
−αk1Ψ
l†
−αk2+q
Ψ lαk2 − h.c.
)
.
In these equations T plays the role of a one-particle ”hop-
ping” parameter between the left and the right systems.
Note that for electrons with close enough wave-vectors
|k2 − k1| ≪ (κ
2 + q2)1/2, (18)
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the matrix elements of the interaction in Eq. (17) are in-
dependent of both k2 and k1: Vk2−k1−q ≈ Vq. In this case
the sum over k2 picks up the products of the operators
describing simultaneous creation of a hole and an electron
with opposite spins. The superpositions of such electron-
hole pair operators are related to electron spin operators.
Let us introduce first the operator of the total spin of
the electrons penetrating into the barrier from the right
ferromagnet:
Srz =
1
2
∑
k
a/2∫
0
dx[χ
(0)†
↑k (x)χ
(0)
↑k (x)− χ
(0)†
↓k (x)χ
(0)
↓k (x)] ≈
≈
1
2
∑
k
λ
2
[Ψr†↑kΨ
r
↑k − Ψ
r†
↓kΨ
r
↓k]. (19)
Here χ
(0)
αk(x) (8) exponentially decays over the distances
of the order of λ from the right boundary. In Appendix
A we calculate Srz [see, Eq. (41)] and show that it is a
macroscopic quantity much greater than unity, so that it
can be treated as a classical spin. Then the operators Sr+
and Sr−, raising and lowering the total spin Srz , can be
introduced as
Sr+q =
1
(2|Sz|)1/2
∑
k
a/2∫
0
dxχ
(0)†
↑k−q(x)χ
(0)
↓k (x) ≈
≈
1
(2|Sz|)1/2
∑
k
λ
2
Ψr†↑k−qΨ
r
↓k, (20)
Sr−q =
1
(2|Sz|)1/2
∑
k
a/2∫
0
dxχ
(0)†
↓k−q(x)χ
(0)
↑k (x) ≈
≈
1
(2|Sz|)1/2
∑
k
λ
2
Ψr†↓k−qΨ
r
↑k. (21)
They are normalized in the usual way to satisfy the bo-
son commutation relation: Sr+q S
r−
−q−S
r−
−qS
r+
q = sign(S
r
z).
Thus, Sr+q and S
r−
−q are the magnon annihilation and cre-
ation operators, respectively, for positive Srz and vice versa
for negative Srz . Also, since the operators S
r,l+
q and S
r,l−
q
change the electron spin in the surface layers of thick-
ness λ, they describe surface magnons. In what follows
we adopt the parabolic magnon dispersion ωr,lq = D
r,lq2,
where Dr,l is the spin stiffness.
Keeping in equation (17) only the coherent terms with
wave-vectors satisfying Eq. (18), one can express the in-
elastic current in terms of the magnon operators (20) and
(21) as
Iˆin = (2|Sz|)
1/2 ieT
h¯
∑
kq
τVq
Ah¯
[
(Sr+q + S
l+
q )Ψ
r†
↓k+qΨ
l
↑k+
+(Sr−q + S
l−
q )Ψ
r†
↑k+qΨ
l
↓k − h.c.
]
, (22)
where for simplicity |Srz | = |S
l
z| ≡ |Sz |. This equation
along with Eq. (16) define the total tunneling current op-
erator (15). To introduce the tunneling Hamiltonian we
write the tunneling current as the rate of change of the
particle number in one of the systems (e.g in the left one):
Iˆ = −e
˙ˆ
NL =
ie
h¯ [NˆL, HT ], (23)
NˆL =
∑
αk
∫
x≤−a/2
Ψ †αk(x)Ψαk(x)dx,
which involves the commutator of the particle number op-
erator in the left system, NˆL, and the tunneling Hamilto-
nian HT . It is straightforward to verify that the tunneling
Hamiltonian of the form
HT = − T
∑
αk
(Ψr†αkΨ
l
αk + h.c.)− (24)
− (2|Sz|)
1/2T
∑
kq
τVq
Ah¯
[
(Sr+q + S
l+
q )Ψ
r†
↓k+qΨ
l
↑k+
+ (Sr−q + S
l−
q )Ψ
r†
↑k+qΨ
l
↓k + h.c.
]
,
satisfies Eq. (23) with Iˆ = Iˆel+ Iˆin given by Eqs. (16) and
(22).
The first term in Eq. (24) is the real-space version
of the well-known elastic tunneling Hamiltonian (see e.g.
Refs. [40,41]). Expanding the operators Ψr,lαk ≡ Ψαk(±a/2)
in the eigenstates of the isolated right and left systems,
one can go over to the momentum representation used
in Ref. [40]. The advantage of the coordinate representa-
tion (24) is that the tunneling matrix element T (16) is a
constant, which makes perturbation theory in the coordi-
nate representation simpler. The second term in Eq. (24)
describes inelastic electron tunneling accompanied by the
emission (absorption) of a surface magnon. It is similar
to that used in Ref. [21]. However, in the present model
the electron-magnon coupling in the Hamiltonian HT (24)
comes from the exchange interaction of the itinerant elec-
trons mediated by the Coulomb potential and is charac-
terized by the matrix element Vq (4) which depends on
the magnon wave-vector q and, therefore, on its energy.
4 Elastic and inelastic contributions to the
tunneling current
To calculate the current-voltage characteristics I(V ) one
should perform the statistical averaging of the tunneling
current operator Iˆ [Eqs. (15), (16) and (22)] over the
nonequilibrium state with finite difference eV in chemi-
cal potentials of the left and right ferromagnets. Since the
current operator Iˆ is linear in tunneling matrix element
T , it is sufficient to use the first order perturbation theory
with respect to the tunneling Hamiltonian HT ∝ T (24),
which yields the lowest order result ∝ T 2. Leaving aside
these standard calculations (involving the nonequilibrium
electron and magnon Green’s functions, see e.g. Appendix
of Ref. [26]), we proceed to the analysis of the tunneling
current-voltage characteristics I(V ) and first briefly dis-
cuss the elastic contribution Iel for the parralel (P) and
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antiparallel (AP) magnetization orientations:
IPel =
2πe2V T 2
h¯
(ρMM + ρmm),
IAPel =
2πe2V T 2
h¯
(ρmM + ρMm), (25)
ρMM =
∑
k
ρlM (EF ,k)ρrM (EF ,k), (26)
ρmm =
∑
k
ρlm(EF ,k)ρrm(EF ,k), (27)
ρmM =
∑
k
ρlm(EF ,k)ρrM (EF ,k), (28)
ρMm =
∑
k
ρlM (EF ,k)ρrm(EF ,k). (29)
Here ρr,lM (EF ,k) and ρr,lm(EF ,k) are the majority (M)
and minority (m) local electron spectral densities related
to the retarded and advanced electron Green functions
GR,Ar,l (EF ,k) at the boundaries of the ferromagnets:
ρr,l(EF ,k) =
GAr,l(EF ,k)− G
R
r,l(EF ,k)
2πi
. (30)
They are taken at the Fermi energy for |eV | ≪ EF . As in
our case the parallel wave-vector k is conserved upon the
tunneling (coherent tunneling), the current (25) is propor-
tional to the trace of the product of two spectral densities.
For the parallel alignmet it is proportional to ρMM +ρmm
since the tunneling occurs independently between the ma-
jority and minority bands whereas for the antiparallel case
carriers tunnel from majority to minority bands (and vice
versa) and hence Iel ∝ ρmM + ρMm. The degree of spin-
polarization P = (IPel − I
AP
el )/I
P
el of the elastic current is
given by
P =
ρMM + ρmm − ρmM − ρMm
ρMM + ρmm
< 1. (31)
For incoherent tunneling where the parallel momentum is
not conserved, P would be expressed in terms of the local
densities of the states
∑
k ρr,lM (EF ,k) and
∑
k ρr,lm(EF ,k)
rather than the momentum convolutions of the spectral
densities (26)–(29). In Appendix A we give the expres-
sions for the traces (26)–(29) in terms of the band electron
parameters of the ferromagnets [see, Eqs. (39) and (40)].
As to the inelastic current Iin, let us first discuss the
antiparallel alignment of the magnetic moments for which
one finds
IAPin =
2π|Sze|T
2
h¯
∑
q
(
τVq
Ah¯
)2 ∫
dǫdω × (32)
× [(ρMMΩr(ω,q) + ρmmΩl(ω,q))
×{n(ǫ)[1− n(ǫ+ |e|V − ω)][1 +N(ω)]
−[1− n(ǫ)]n(ǫ + |e|V − ω)N(ω)}
+(ρMMΩl(ω,q) + ρmmΩr(ω,q))
×{n(ǫ)[1− n(ǫ+ |e|V + ω)]N(ω)
−[1− n(ǫ)]n(ǫ + |e|V + ω)[1 +N(ω)]}] .
Here we assume that the majority electrons in the left
and the right systems are spin-up (↑) and spin-down (↓)
ones, respectively (Fig. 4). The magnon spectral densi-
ties Ωr,l(ω,q) are expressed in terms of the advanced and
retarded magnon Green functions DR,Ar,l (ω,q) as
Ωr,l(ω,q) =
DAr,l(ω,q)−D
R
r,l(ω,q)
2πi
= δ(ω − ωr,lq ). (33)
The products of the electron, n(ǫ), and magnon,N(ω), oc-
cupation numbers in Eq. (32) correspond to various emis-
sion and absoption processes. For arbitrary spin polariza-
tions of the ferromagnets there are four magnon-emission
and four magnon-absoption processes. The latter are only
possible at finite temperatures when N(ω) 6= 0 and gen-
erate current in the opposite direction with respect to the
magnon-emission current. Below we discuss the emission
processes, shown schematically for T = 0 in Fig. 4. The
details of the absorption processes can be analyzed in the
same way.
The processes in Fig. 4a and 4b correspond to the first
term in the square brackets in Eq. (32) which determines
the current at positive voltages, when the Fermi level in
the left system is higher than that in the right one. The
process in Fig. 4a has been already discussed in Sec. 2 for
the case of half-metallic ferromagnets (Fig. 1). As both ini-
tial and final electron states belong to the majority bands,
the corresponding contribution to the current is propor-
tional to ρMM (26) and the magnon spectral density at
the right side of the junction Ωr (33). Note that the sim-
ilar interaction of the minority electrons cannot give rise
to the magnon emission because it would result in the
magnetic moment of the right system bigger than that in
the ground state. However the minority magnon-assisted
transport [proportional to ρmm (27)] can be realised in a
way shown in Fig. 4b: In the course of the exchange in-
teraction, a minority (spin-down) electron from the left
side excites a majority (spin-up) electron from the same
side above the Fermi level in the right system. The latter
occupies an empty state in the spin-up (minority) con-
duction band in the right ferromagnet, while a spin-wave
excitation of the majority (spin-up) Fermi sea is created
on the left side of the junction. The corresponding contri-
bution to the current (32) is proportional to the magnon
spectral density at the left boundary Ωl (33). The pro-
cesses in Fig. 4c and 4d are generated in negatively biased
junctions and described by the second term in the square
brackets in Eq. (32). Although they look similar to those
shown in Fig. 4a and 4b, in general there is no symmetry
because the magnon spectral densities at the left and right
boundaries need not to be identical: Ωr 6= Ωl.
For the parallel alignment of the magnetic moments,
when the majority electrons in both ferromagnets are spin-
up ones, one can obtain the following expression for the
inelastic current:
IPin =
2π|Sze|T
2
h¯
∑
q
(
τVq
Ah¯
)2 ∫
dǫdω × (34)
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Fig. 4. Exchange-induced spin-flip tunneling with magnon
emission between ferromagnets of arbitrary spin-polarization
for antiparallel configuration at zero temperature: (a) and (b)
assisted tunneling between the majority and minority bands,
respectively, for positive bias voltage V > 0, (c) and (d) same
for a negatively biased junction V < 0.
×(Ωr(ω,q) +Ωl(ω,q))
× [ρmM {n(ǫ)[1− n(ǫ+ |e|V − ω)][1 +N(ω)]
−[1− n(ǫ)]n(ǫ + |e|V − ω)N(ω)}
+ρMm {n(ǫ)[1− n(ǫ+ |e|V + ω)]N(ω)
−[1− n(ǫ)]n(ǫ + |e|V + ω)[1 +N(ω)]}] .
Unlike the antiparallel case [see, Eq. (32)], here the magnon-
assisted transport is due to the exchange between a mi-
nority electron and a majority one. The latter can be ei-
ther from the opposite or the same side of the junction,
which explains why the current (34) contains the sum of
the magnon spectral densities, Ωr(ω,q)+Ωl(ω,q), and is
proportional to the traces in the momentum space of the
minority and the majority electron spectral densities [see
Eqs. (28) and (29)].
The nonequilibrium tunneling spectra are given by the
second derivatives d2IAP,P /dV 2 which are nonzero for the
inelastic currents (32) and (34) and vanish for the elastic
(linear in V ) contributions (25). In what follows we present
the tunneling spectra for a simpler case of identical ferro-
magnets. When evaluating the second derivatives of the
inelastic currents, one finds that the equilibrium magnon
occupation numbers N(ω) drop out of the expression for
d2IAP,P /dV 2, i.e. only the non-equilibrium processes of
magnon-emission contribute to the tunneling spectrum.
The expression for d2IAP,P /dV 2 has the same structure
as Eq. (2) and contains coefficients CAP,P given by
CAP =
2π|Sze
3|Ω
h¯
(
τV(0)
Ah¯
)2
T 2(ρMM + ρmm), (35)
CP
CAP
= 1− P . (36)
The last equation is quite interesting since it implies that
for identical ferromagnets the inelastic spectra for the par-
alell and antiparallel cases are retaled to each other via
the degree of spin-polarization (31). This can be used for
an independent measurement of the spin-polarization of
the tunneling current. At the same time, the shape of the
inelastic tunneling spectrum does not depend on the rela-
tive alignment of their magnetic moments and the degree
of spin-polarization (see, e.g. Fig. 2 for half-metallic fer-
romagnets).
In Fig. 2 both excitation energy |e|V and kBT are nor-
malized by the characteristic energy of a surface magnon,
Dκ2, with the wave-vector equal to the inverse screening
radius κ. For kBT/Dκ
2 → 0 the second derivative is dis-
continuous at V = 0 (curve A) recovering the zero-bias
anomaly due to the emission of surface magnons stud-
ied theoretically in Ref. [21]. As |e|V increases, the wave-
vector of the excited magnon,∼
√
|eV |/D, becomes larger
and for
√
|eV |/D ∼ κ the electron-magnon coupling in
Eq. (2) becomes strongly energy-dependent, leading to a
1/|e|V decrease in the tunneling spectrum. Finite temper-
atures (curves B-E) result in the smearing of the zero-bias
anomaly due to the counter spin-flip processes (Fig. 1b)
which lead to a finite-slope increase in the response at
small |e|V and hence to the formation of two antisym-
metric peaks. In agreement with the experimental data of
Refs. [7,8,9,10,11], at relatively low temperatures (kBT <
Dκ2, curves B and C) the peaks are sharp. As the tem-
perature increases, they broaden and shift towards higher
excitation energies (curves D and E). At large |e|V all
the curves merge showing a temperature-independent be-
haviour, also clearly seen in the experiments [7,8]. It should
be noted that for screening radius κ−1 ≥ a the character-
istic magnon energy Dκ2 is still much smaller than kBTC .
To compare our results with the experimental data of
Refs. [7,8,9,10,11], we estimate the voltage correspond-
ing to the peak positions at low temperatures as VP ∼
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Dκ2/|e|. For κ−1 ∼ a ∼ 10A˚ and spin stiffness typical
for transition metals, D ≈ 300 − 500meV × A˚2, one ob-
tains VP ∼ 3 − 5mV . In Refs. [10], [9] and [7] the peaks
were observed at 2mV , 12mV and 17mV , respectively.
At the same time, the Curie temperature of the ferromag-
nets corresponds to the voltage of order of 100mV . The
relation (36) between the spin-polarization of the current
and the peak intensities for the parallel and antiparalell
configurations is also consistent with experimental data [9,
10].
The author thanks K. Richter, J. Siewert and D. Weiss
for discussions. The work was supported by the DFG within
SFB 689.
A Local electron spectral densities and spin
polarization
In this appendix we calculate the local electron spectral
densities ρMM , ρmm and ρMm (26)–(29) and spin polar-
ization |Sz | (19) which enter the inelastic tunneling spec-
trum via coefficients CAP,P (35). This will be done for the
isolated right and left systems which are described by the
boundary conditions (14) where λmeans the electron pen-
etration length into an infinitely thick barrier (a→∞) of
the finite height U . We will assume identical ferromagnets
where it is enough to calculate the local spectral densities
at the boundary of one of the electrodes, say, the right one
x = a/2. Using the expression for the local electron spec-
tral density in terms of the advanced and retarded Green
functions (30), one can write
ρrM,m(EF ,k) =
∑
kx
φ2kx
(
a
2
)
δ(EF − EM,m(kx,k)) =
= λ2
∑
kx
(∂xφkx
(
a
2 )
)2
δ(EF − EM,m(kx,k)), (37)
where we introduce the eigenstates φkx(x) in the direc-
tion perpendicular to the boundary and take into account
that they must satisfy the boundary condition φkx
(
a
2
)
=
λ∂xφkx
(
a
2
)
(14) in order to ensure vanishing of the par-
ticle current. For an infinitely high barrier (λ → 0), this
boundary condition becomes a ”hard wall” one and hence
φkx(x) = (2/L)
1/2 sin kx(x−a/2) with L being the length
of the system. For a high enough barrier, we can still use
these eigenstates in the second line in equation (37) since
the derivative of sinkx(x− a/2) at the boundary is finite.
EM,m(kx,k) =
h¯2(k2
x
+k2)
2m ∓
∆
2 is the electron spectrum in
the Stoner model with ∆ meaning the exchange-induced
spin-splitting. Calculating the integral in Eq. (37), one
finds
ρrM,m(EF ,k) =
λ2m
πh¯2
(k2M,m − k
2)1/2Θ(kM,m − |k|),
k2M,m = 2m(EF ±∆/2), (38)
where kM and km are the Fermi momenta of the majority
and minority electrons, respectively, and Θ(x) is a step-
function. The calculation of the convolutions (26)–(29) of
the local electron spectral densities is now straightforward:
ρMM,mm =
2πm2A
h¯4
(λkM,m)
4 (39)
ρMm =
2πm2A
h¯4
(λkm)
4 × (40)
×
[
γ1/2(γ + 1)
2
−
(
γ − 1
2
)2
arccosh
γ + 1
γ − 1
]
,
γ = k2M/k
2
m > 1.
The same approach can be used to calculate the total spin
Sz (19) of the itinerant electrons penetrating into the bar-
rier. At zero temperature |Sz | can be expressed in terms
of the barrier parameter λ, the Fermi momenta of the ma-
jority (kM ) and minority (km) electrons, and the junction
area A as follows
|Sz| =
λ3A(k5M − k
5
m)
30(2π)2
. (41)
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